In this paper, two equations of state (EOSs) (Sun Jiu-Xun-Morse with parameters n = 3 and 4, designated by SMS3 and SMS4) with two parameters are proposed to satisfy four merits proposed previously and give improved results for the cohesive energy. By applying ten typical EOSs to fit experimental compression data of 50 materials, it is shown that the SMS4 EOS gives the best results; the Baonza and Morse EOSs give the second best results; the SMS3 and modified generalized Lennard-Jones (mGLJ) EOSs give the third best results. However, the Baonza and mGLJ EOSs cannot give physically reasonable values of cohesive energy and P-V curves in the expansion region; the SMS3 and SMS4 EOS give fairly good results, and have some advantages over the Baonza and mGLJ EOSs in practical applications.
Introduction
The equation of state (EOS) of a system describes the relationships among thermodynamic variables such as pressure, temperature, and volume. It provides numerous information of nonlinear compression of a material at high pressure, and has been widely applied to engineering and other scientific researches. In 1986 Rose et al. [1] proposed that there exist a universal EOS (UEOS) being valid for all types of solids through analyzing the energy-band data. Since then a lot of forms of UEOS have been proposed with different success [2 -17] . Among these EOSs, the Vinet [2] EOS has been shown having fairly high precision [7] . Baonza et al. [8 -13] proposed another EOS from a pseudospinodal hypothesis; they claim that the EOS has high precision being equivalent to the Vinet EOS. But the EOS cannot give reasonable values of cohesive energy.
Holzapfel [15, 16] pointed out that the limitation condition of an EOS at high pressure should be the Fermi gas (FG) model. Since most of the existing EOSs cannot satisfy the limitation condition, they modified the Vinet EOS to satisfy the FG limitation (Holzapfel EOS) [15, 16] . However, we proposed two Murnaghan-type EOSs [17] , and compared the precision of five EOSs mentioned above by fitting the experimental compression data of 50 solids. The results 0932-0784 / 10 / 0100-0034 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com show that EOSs satisfying the FG limitation give worse results than other EOSs not satisfying it. For practical applications, the FG limitation condition is not important for it only operates if the volume tends to zero. Nowadays, more and more EOSs have been proposed, and people expect finding an ideal UEOS. However, we notice that in fact no criteria or characteristics of an ideal UEOS has been proposed, and correspondingly no EOS has been explicitly claimed or judged being ideal. In a previous paper [18] we proposed that an ideal UEOS should satisfy four merits from practical viewpoint, except the FG limitation condition, and a modified generalized Lennard-Jones (mGLJ) EOS is proposed to satisfy these four merits [18] .
Since the FG limitation condition has been shown being not important for practical applications [17] , we do not take it as a characteristic of an ideal EOS. We proposed in [18] that, from the practical viewpoint, an ideal universal EOS should have following four merits: The first one is that the energy should be analytic, U = U(V ). The second one is that the EOS had better to be both pressure analytic, P = P(V ), and volume analytic, V = V (P). The third one is that it should satisfy the spinodal condition [8 -12] , B ∝ (P − P sp ) 1/2 , with B(P = P sp ) = 0,
have the correct limitation as volume tends infinity, P(V → ∞) = 0, and can be applied to the expanded materials, including expanded liquids and solids. Here B is the bulk modulus. The fourth one is that it should have enough high precision while simple in form and a small number of parameters, and has the ability to predict the compression curve of materials at high pressure only using the parameters determined from experimental data at low pressure. Here we emphasize that one condition should be amended in the third merit, that is a universal EOS should give reasonable values of cohesive energy U 0 . Perdew et al. defined the cohesive energy U 0 of a solid [19, 20] , and they derived the expression of U 0 for several EOSs as
V 0 is the volume at zero-pressure condition. U 0 is an important physical property of a material. Shanker and Kushwah [21, 22] 
, and applied it to iron and other materials. Poirier and Tarantola [23] proposed a logarithmic EOS, Stacey et al. [24, 25] extended it to fourth order. And Kushwah et al. [26] further proposed two generalized EOSs based on [21, 25, 27] . Suzuki et al. [28] proposed a relation for the volume as a function of temperature very early, which was extensively used in geophysics and ceramic science [28 -32] . However, we found that the relation of Suzuki [28] is based on the quadratic
We think that the EOSs in [21 -31] cannot be an ideal EOS as compared with the four merits mentioned in the previous paragraph.
In this paper, we have two main goals. The first goal is to propose two EOSs with two parameters by modifying the Morse EOS, which can hold the four merits. The second goal is to apply the new and other typical EOSs in literature to 50 solids to check the applicability of these equations within wide pressure ranges. In Section 2 these two EOSs are proposed and the advantages are discussed and compared with the Baonza EOS. In Section 3 ten EOSs are applied to 50 solids with the experimental compression data available within wide pressure ranges, and the results are discussed. At last, the conclusion is presented in Section 4.
Advancement of Equations of State
In a previous paper [18] , we have proposed an mGLJ EOS to hold all of the four merits, whereas it cannot give reasonable values of U 0 . Considering most of the present EOSs, they cannot hold all of the four merits, even have more or less disadvantages against these merits. So we would propose two EOS instead of the mGLJ and the Baonza EOS by modifying the Morse EOS. The Morse potential is as follows [17, 33, 34] :
where
and
V 0 is the volume, B 0 (and B 0 ) the bulk modulus (and its first-order pressure derivative) at zero pressure, respectively. For ordinary Morse potential, n should take the value n = 3. Here in order to obtain an extended EOS, we use an extended form of Morse potential. By using the relationship P = −∂U/∂V we derived the EOS
(6) is energy and pressure analytic, but it is not volume analytic.
In order to obtain an EOS being volume analytic, we modify (6) to the following form:
(8) just is the two-parameter EOS we proposed (Sun Jiu-Xun (SJX)-Morse EOS). It can be shown that it holds all four merits mentioned above, and the precision is higher than with several popular EOSs, including the widely used Vinet EOS. We notice that the Vinet EOS merely is energy analytic and pressure analytic, but not volume analytic and doesn't satisfy the spinodal condition. Our subsequent calculations show that (8) gives fairly good results for compressed curves as n takes the values 3 and 4, so we only consider the two cases (designated by SMS3 and SMS4, respectively). (8) can be integrated to give the analytic expression of energy:
(8) can be easily converted to the volume analytic form
The bulk modulus is
We notice that (8) , (14) , and (15) (1) . The reduced spinodal volume X sp can be determined from the equation B(X = X sp ) = 0, the spinodal pressure P sp can be determined by substituting X sp into (8) . We have
Thus it has been shown that (8) strictly satisfies the spinodal condition. It is interesting to notice that Hama and Suito [7] divide all EOSs into three types: the derivative form, the volume-integral form, and the pressure-integral form. However, (8) belongs to all of the three types. The expressions of U 0 can be easily derived. The expression for the SJX-Morse EOS in (8) with n = 3 (designated by SMS3) is
The expression for the SJX-Morse EOS in (8) with n = 4 (designated by SMS4) is
Results and Discussion
In this section, we apply ten EOSs to 50 materials to check their applicability. The ten EOS including mGLJ [18] , augmented stabilized jellium (designated by ASJ) [19, 20] , Vinet (designated by VN) [2] , Holzapfel (designated by HP) [15, 16] , Baonza (designated by BN) [8 -13] , Kumari and Dass (designated by KD) [4, 5] , two-parameter Murnaghan-type EOS (SMnh) proposed by us (designated by SM) [17] , Morse EOS with n = 3 (designated by MRS3), SJXMorse EOS in (8) with n = 3 (SMS3) and n = 4 (SMS4). Only the KD EOS is a three-parameter equation, the other EOSs are two-parameter equations. All experimental data for V (P, T 0 )/V (0, T 0 ) are taken from Kennedy and Keeler (1972) [35] , except for n-H 2 [36 -38] , W [39] , and NaCl [40] . The average fitting errors for pressure (P = f (V )) have been listed in Table 1. The atomic numbers, experimental data of V 0 , and the fitted parameters B 0 , B 0 for the MRS3, SMS3, and SMS4 EOSs have been listed in Table 2 . The values of B 0 and B 0 for KD EOS refer to [4] , and for other EOSs refer to [21] . It should be pointed out that in [41] , Loubeyre et al. developed an analytic EOS for Table 1 . Average fitting errors for pressure ( ∆ p ) by using ten universal equations of state. Vinet (designated by VN) [2] , Holzapfel (designated by HP) [15, 16] , mGLJ [18] , ASJ [19, 20] , Baonza (designated by BN) [8 -13] , KD [4, 5] , twoparameter Murnaghan-type EOS proposed by us (designated by SMnh) [17] , Morse EOS with n = 3 (designated by MRS3), and SJX-Morse EOS of (11) with n = 3 (designated by SMS3) and n = 4 (designated by SMS4). Table 2 . The experimental data of V 0 and fitted parameters B 0 (GPa) and B 0 for BN, ASJ, MRS3, SMS3, and SMS4 EOSs. The values of fitted parameters for KD EOS refer to [40] , for other EOSs refer to [18] . In our calculations, it is found that the parameters of Baonza EOS are sensitive to the fitting approach. In order to find the optimized parameter values, we improved our fitting procedure as follows: For a two- (GPa) and B 0 for VN, BN, MRS3, SMS3 , and SMS4 EOSs and for 37 matters, respectively, determined by fitting experimental compression data in the low-pressure ranges. parameter EOS we suppose P = P(B 0 , B 0 ,V ) and introduce the aim function
In a previous paper [18] , the power m has been fixed as constant 2, the fitting parameters of Baonza EOS gives a total average error of 0.676% for the 50 materials. However, in the calculations of the present paper, we found that the fitting error and the values of the parameters are sensitive to m. For values of m larger than 2, the convergence of the fitting procedure becomes better. We fix m = 8 after some calculations because this value gives stable and optimized values of the parameters; the corresponding total average error of Baonza EOS for the 49 materials [18] except the solid n-H 2 decreases from 0.681% to 0.541%. The optimized parameters for several typical EOS have been given in Table 2 . Table 1 shows that the SMS4 EOS gives the best results with average error 0.542%, the MRS3 and SMS3 Table 2 .
EOSs give the slightly inferior results with average error 0.560% and 0.629%, the Vinet, SMnh, ASJ, and mGLJ EOSs give the subsequently inferior results with average error 0.764%, 0.773%, 0.824%, and 0.855%, respectively. Although the HP EOS strictly satisfy the limitation condition at high pressure, it gives fairly bad results with average fitting error 0.942%. The threeparameter KD EOS gives the worst results with average error 1.243%. For n-H 2 , the pressure range is widest, the highest pressure reaches 590 GPa, and the highest compression ratio V min /V 0 reaches 0.0699. Although for Cu the highest pressure reaches 450 GPa, the value of V min /V 0 only is 0.516, and for all other materials, the value of V min /V 0 is larger than 0.51. For these materials, the corresponding pressure ranges belong to low and middle compression; the limitation condition obviously does not operate. The applicability of these EOSs to n-H 2 can be seen as a check of the limitation condition. From first line of Table 1 , we know that although the HP EOS strictly satisfies the FG limitation condition at high pressure, it gives a fairly bad result for n-H 2 with average error 4.663%. Although the MRS3 and SMS4 EOSs do not satisfy the FG limitation, the MRS3 EOS gives the best results with average error 1.159%, and the SMS4 gives a slightly inferior result with average error 1.668%. Such results can be seen as a further verification of the conclusion in [21] , where we concluded that for practical applications, the FG limitation condition is not important for it only operates if the volume tends to zero. It is meaningful to analyze the errors ignoring n-H 2 . In the last line of Table 2 , we listed the total average Table 2. errors for the other 49 materials. It can be seen that the SMS4 EOS also gives the best results, the average error only is 0.509%. The MRS3, SMS3, and mGLJ EOSs give inferior results with average errors of 0.536%, 0.578%, and 0.581%. The Baonza, KD, SJ, Vinet, and SMnh EOSs give average errors of 0.541%, 0.661%, 0.661%, 0.725%, and 0.733%, respectively. The HP EOS gives the worst results with an average error of 0.866%.
In Figure 1 , we compared the P-V curves of Baonza, MRS3, and SMS4 EOSs with the experimental data for n-H 2 . And in Figures 2 -6 , we give the fitting error comparison of the four EOSs for ten typical materials, Cu, Mo, Ta, Au, Cd, Al, Tl, Li, Na, and NaCl. The parameters used for these EOSs are determined by using the values of B 0 and B 0 listed in Table 2 , which are on their part determined by fitting the compression data. Figure 1 shows that the Morse EOS gives the best results for n-H2, the other figures show that the four EOSs equivalently give the same good results for the ten materials. The tendency is in agreement with the average errors listed in Table 1 .
The lack of numerical stability of some "universal" EOSs published to date is well known . In order to compare the numerical stability of these EOSs in fitting P-V results, we further apply five typical EOSs (including Vinet, Baonza, MRS3, SMS3, and SMS4 EOSs) to 37 solids among the 50 materials at lowpressure ranges. These materials have been chosen because they have enough experimental data points. The pressure ranges and the values of B 0 and B 0 fitted from low-pressure ranges have been listed in Table 3. It is obvious that the important characteristic of an ideal UEOS should be the consistency of the values of B 0 and B 0 fitted from high-pressure and lowpressure ranges, respectively. The consistency can be scaled by the average relative errors. We also think that the relative errors of B 0 and B 0 are reflecting the numerical stability of an EOS in the fitting P-V data. The smaller the average relative error is, the better the EOS is.
In Table 4 , we listed the average relative errors (∆%) of B 0 and B 0 between the values obtained by fitting all experimental data available (high-pressure ranges), and that obtained by fitting the experimental data at low-pressure ranges. Table 4 shows that the SMS4 EOS gives the best results. For the errors ∆% of B 0 and B 0 , the SMS4 EOS gives the best results with errors of 0.670% and 2.397%; the Morse EOS gives slightly inferior results with errors of 0.724% and 2.737%; the VN EOS gives the largest errors 1.065% and 5.679%. By comparing with Table 1 , we think that the errors ∆% of B 0 and B 0 are in agreement with the average fitting errors of the P-V data. The smaller the fitting errors of the P-V data are, the smaller the errors ∆% of B 0 and B 0 are.
In Table 5 , we compared the predicted results of the cohesive energy by using nine EOS. In the previous section, it has been pointed out that the Murnaghan EOS and modified equations, including KD [4, 5] , Baonza [8 -13] , and SMnh EOSs [17] , couldn't give physically reasonable values of cohesive energy [19, 20] . Table 3 shows that Morse, SMS3, SMS3, and Vinet EOS can give reasonable results, these EOSs have good applicability to the expanded materials. Other EOSs cannot give reasonable results, such as mGLJ, HP, ASJ, MASJ, and Birch EOS, or even cannot give physically meaningful results, such as KD, Baonza, and SMnh EOSs. These EOSs are inapplicable to the expanded materials, or even cannot be used to research the energy properties of solids.
Conclusion
It has been proposed that an ideal universal EOS should satisfy four merits. Considering the mGLJ EOS previously proposed gives bad results for the cohesive energy, two modified Morse-type EOS, the SMS3 and the SMS4 EOSs, have been proposed to satisfy the four merits and give improved results for the cohesive energy. By applying ten EOS to 50 solids, it is shown that SMS4 EOS gives the best results. The Morse and Baonza EOS subsequently give good results. For the cohesive energy, Morse, SMS3, SMS4, and Vinet EOS can give reasonable results; these EOSs have good applicability to the expanded materials and can be applied to the description of energy property of solids. Other EOSs including the Baonza EOS cannot give reasonable or even physically meaningful results; these EOSs are inapplicable to the expanded materials and cannot be applied for the description of energy property of solids.
